Introduction
This paper describes new links between cohomology of categories, groupoid enriched categories, and homotopy theory of bres and co bres. where Twist(C) is the twisted version of the category of pairs in C. The construction of sum relies on the normalisation theorem A.9 in the appendix which shows that cochains can be assumed to respect sums. This is a new kind of normalisation result extending classical normalisation with respect to identities and generalising that with respect to zero maps 5]. There are dual results for categories with products, yielding the dual transformation prod . Given a groupoid-enriched category with sums we introduce the category of twisted homotopy pairs which generalises the category of homotopy pairs studied by Hardie 8, 9] . We show that takes the class represented by a groupoid enriched category to the class represented by its category of twisted homotopy pairs; see (3.15) . Actually this correspondence is the motivation for studying the transformation sum .
If C is the homotopy category of suspensions, resp. loop spaces, then the associated classical groupoid-enriched category given by maps and homotopies represents an element T 2 H 3 (C; D ); resp. T 2 H 3 (C; D ) termed the universal Toda bracket. This determines all classical triple Toda brackets in C 5].
In homotopy theory a space is often obtained as a homotopy co bre C(f) of an attaching map f or dually as a homotopy bre P(f 0 ) of a classifying map f 0 . Therefore it is a classical problem to describe homotopy classes of maps C(f) / / F C(g) resp. P(f 0 ) / / F 0 P(g 0 ) and their composites only in terms of the homotopy classes of the attaching maps or classifying maps repsectively. Studying this problem leads inevitably to the theory of this paper; solutions are described in (4.7), (5.7) where we show that maps F or F 0 are equivalent to twisted homotopy pairs. This improves considerably the classical method of constructing such maps by homotopy pairs.
It is well known that examples of maps F and F 0 are given by`extensions' and`coextensions' and that these are related to classical Toda brackets. In fact we show how the universal Toda If D is a natural system on a category C recall that the cohomology of C with coe cients in D is de ned as follows. First let Ner(C) be the simplicial nerve of C, given in dimension n 1 by the set of all sequences = ( 1 ; and the degeneracies by insertion of identities. We will write j j for the composite 1 : : : n . Now A sum (or coproduct) of objects X k , 1 k r, in a category C is an object X = X 1 _: : :_X r of C together with morphisms i k : X k ! X such that pre-composition by the i k induces natural bijections of hom-sets i = (i 1 ; : : :; i r ) : C(X; Z) = C(X 1 ; Z) : : : C(X r ; Z) Some applications of the cohomology of categories may be found in 7, 10, 11, 12] .
De nition 1.1 Suppose D is a natural system on a category C. Let In the appendix we will show that the cohomology H n (C; D) admits a \normalisation theorem" in the case that D is compatible with sums.
2 Pairs, twisted pairs and the natural transformation Let C be a category with nite sums, that is, with binary sums A _ B and an initial object . Suppose that is also a terminal object. In the next section we will enrich this and de ne the homotopy twisted pair category. In the context of categories of spaces these structures will be good models for homotopy types of mapping cones (cf. theorem 4.7).
We show now how nice natural systems on a category will induce natural systems on the twisted pair category. We can now state the main theorem of this section. Proof: For ( ; ) in Pair(C) we have
We thus have a natural homomorphism between cohomology groups
H n (Pair(C); D # ) (2.14)
As an addendum to theorem 2.10 we have Addendum 2.15 If D is strongly compatible with sums then the natural transformation factors through sum , as shown in the following diagram:
The intricate proof in the appendix of theorem 2.10 and its addendum requires the normalisation theorem A.9. In the following section we describe various topological interpretations of the natural transformation sum .
3 Homotopy pairs and twisted homotopy pairs .2) which is the identity on objects and is full.
We now generalise this to twisted pairs, under certain conditions on TK. We assume that nite sums exist in K and C and are preserved by p, and that is both initial and terminal in K and C. in TK. 2
We now have the following crucial application of the natural transformation sum of theorem 2.10. This was our original motivation for the study of this transformation. Note that this is a signi cant improvement of the corresponding theorem for homotopy pairs in 3], which assumes higher connectivity for B.
As in theorem 4.6 we also have: where the vertical arrows are equivalences of categories. As in 4.8 the cohomology class of the extension is determined by the universal Toda bracket T .
We point out that for b 3 the category Twist(X b;a ) in theorem 4.9 coincides with Pair(X b;a ) and that in this case the theorem is also treated in 3]. For b = 2 however one has to use twisted maps to describe H(b; a + 1). Theorem 4.9 implies the following result on the classi cation of homotopy types with two homology groups. 
Universal Toda brackets and twisted maps between bres
This section is dual to section 4. Let C op be the opposite category of a category C. This construction is the basis of duality in category theory; for example sums in C op are just products in C.
This leads to the following dual notion of the category Twist(?) in 2.2.
Let C be a category with nite products, that is, with binary products A B and a terminal object . Suppose that is also an initial object. We de ne the category Twist 0 (C) by the dual of de nition 2. The dual of addendum 2.15 says also that factors through prod ; the proofs require normalisation with respect to products as in theorem A.11 in the appendix. We have the notion of the opposite of a track category, and we say a track category TK is compatible with products if TK op is compatible with sums as in de nition 3. which carries an object f of Hotwist 0 (Top ) to the bre (or homotopy bre) P(f) of e f where again e f represents the homotopy class f. For this recall that P(f) is constructed dually to C(f) in section 4 using the duality of I-categories and P-categories in 1].
We obtain the dual of the linear track extension (4.4) as follows. Let Top be a full subcategory of the category Top of pointed topological spaces such that all objects of Top are loop spaces. Let Top = ' be the homotopy category of Top and let T be the track structure on Top given as in example 3. A Appendix Sum normalised cohomology of categories Let C be a (small) category. Since we will always want to have explicit structure maps for sums in C, we make the following de nition. The collection of cochains on Sum(C) which respect the sum diagrams is written F sum (C; D).
For a simplex as above we will write i m;k and ( ; i m;k ) for the simplices for 1 k r. This is well-de ned since i n is an isomorphism. The source of ( ; i t;k ) is the trivial sum diagram on X n;k , so c (d j ( ; i t;k )) = 0 unless j = t = n, and hence (@ c )( ; i t;k ) = 0 for t < n The natural transformation sum Given the normalisation theorem A.9 above we are now able to prove theorem 2.10 and its addendum 2.15.
Proof of Theorem 2.10: Recall that the homomorphism 
